Abstract. We analyze Weyl algebra of quantum angular momentum system and construct qubit subalgebra out of it. We show that the commutant of this qubit subalgebra is isomorphic to the original algebra and prove the tensor product structure between qubit subalgebra and its commutant. This construction can be iterated to construct arbitrary number of qubit subalgebras from a single quantum system. We show a simple experimental realization of this proposed scheme using orbital angular momentum of single photons. We briefly discuss about construction of qudit subalgbra and generalization to other infinite dimensional systems.
Introduction
This paper addresses a problem of constructing qubit subsystems out of a single quantum system of infinite dimensional Hilbert spaces. This problem is important not just from theoretical studies but from a practical point of view. This is partly because real physical systems are often described by infinite dimensional Hilbert space. The other reason is, as we shall show in this paper, that infinite dimensional systems might be more useful than finite dimensional systems with a fixed dimension when we encode many qubits in a single physical system.
There have been many activities on the subject in past, see for example Refs. [1, 2, 3, 4] . In previous studies, however, constructed "qubits" are only resemble to a true qubit system which will be defined in this paper. Another important point which will be addressed in this paper is that constructed qubit subsystem has a tensor product structure to the rest rather than a direct sum structure. The former construction scheme is referred to as a subsystem encoding and the latter is known as a subspace encoding in literature. This point becomes crucial when one wishes to construct several qubit subsystems out of a single physical system. The subspace encoding is in general suffering from a leakage problem when is exposed to noise. The subsystem encoding is thus superior encoding scheme from practical point of view.
The subsystem encoding has been discussed for finite dimensional systems in the general setting and there are many interesting results known on the subject [5, 6, 7, 8, 9, 10] . For infinite dimensional systems, however, little results are known based on physical models ‡. We note that this problem is a study of subalgebra from mathematical point of view and there are general results known in * -algebra. Yet, these results are usually abstract and are not connected to any physical models.
In the previous publication [12] , we proposed an encoding scheme of constructing many qubits out of a single rotor system and gave possible realizations of our scheme using orbital angular momentum of single photons. We showed a single quantum system can potentially perform arbitrary quantum information processing protocols.
As an application, we also showed quantum error correction is possible for a single photon system [13] . All results are, however, obtained based on physical intuition, and mathematical justification of our results has not been provided so far. It is our main objective to discuss details of our proposed scheme.
We start from a von Neumann algebra A on an infinite dimensional Hilbert space H [14, 15, 16] . We construct a * -subalgebra A qbit ⊂ A which is * -isomorphic to a matrix algebra on C. We then seek a condition which purports to introduce a tensor product structure for the subalgebra A qbit . We note the necessary and sufficient condition is already derived for finite dimensional Hilbert spaces [5, 7] . To solve this problem, we construct a qubit subalgebra from the Weyl algebra of quantum angular momentum system and examine properties of this subalgebra in detail. For infinite dimensional systems, the main ingredient to analyze algebraic properties is the commutant of A qbit defined by 
We shall show that there exists a * -isomorphism from A qbit ⊗ A ′ qbit to A to conclude a tensor product structure A ∼ = A qbit ⊗ A ′ qbit . Upon proving the above statement, we note that C * -algebra is too general and rather the original algebra needs to be a von Neumann algebra. This is because a tensor product for a von Neumann algebra is unique whereas it is not for C * -algebra. Thus, it is important to study a von Neumann algebra for infinite dimensional systems for our purpose.
As the second result, we show that the commutatnt is * -isomorphic to the original algebra A, i.e., A ′ qbit ∼ = A and this provides a simple encoding scheme to construct arbitrary number of qubit subalgebras out of a single physical system as
This paper is organized as follows. Section 2 provides definitions of algebras under consideration and basic properties of them. Section 3 analyzes the qubit subalgebra of quantum angular momentum algebra. Section 4 proves our main claim, a tensor product structure for qubit subalgebra and its commutant. Section 5 gives a short account on how to implement our qubit subalgebra with orbital angular momentum degrees of freedom of single photons. Section 6 discusses a possible extension of our proposal briefly and the last section summarizes our result. ‡ We have noticed the reference [11] which attempts to generalize the result of [5, 7] to infinite dimensional systems. Ref. [11] focuses on the structure of Hilbert space itself rather than algebraic aspects.
Preliminaries

Qubit algebra
In this paper, we define a qubit algebra as a 2 × 2 matrix algebra on C.
Definition (Qubit algebra)
where I is the identity matrix and σ j (j = 1, 2, 3) are usual Pauli spin operators satisfying the following conditions for j, k = 1, 2, 3:
Here σ * denotes hermite conjugation of σ, δ jk is the Kronecker delta, and ǫ jkℓ is the totally antisymmetric tensor.
The notation σ ± = (σ 1 ± iσ 2 )/2 is also used for convenience. The standard matrix (irreducible) representations for σ j on C are
We call a subalgebra A qbit is a qubit algebra when A qbit is * -isomorphic to the algebra M 2 (C) throughout our discussion.
Angular momentum algebra
Quantum angular momentum operator L about a given axis is described by the differential operator with respect to angle θ as L = −i∂/∂θ whose domain is a dense subset of the Hilbert space of all square integrable functions on a torus:
The inner product for H is f |g =
) with a bar denoting complex conjugation. It is known that the complete orthonormal system (CONS) for L 2 ([0, 2π)) is {e ℓ (θ) := e iℓθ / √ 2π} ℓ∈Z , and any element f (θ) can be expanded uniquely by this basis as f (θ) = ℓ∈Z c ℓ e ℓ (θ). We consider a Hilbert space:
and the inner product for it by
for |ψ = ℓ∈Z ψ ℓ |ℓ , |φ = ℓ∈Z φ ℓ |ℓ ∈ l 2 (Z) and CONS is {|ℓ } ℓ∈Z . Mathematically, two Hilbert spaces are equivalent and we denote the Hilbert space for quantum angular momentum system by 2π) ). To avoid a domain problem when dealing with the unbounded operator L, we study the following unitary operator generated by L:
which constitutes (abelian) one-parameter unitary group,
, and U (θ + 2π) = U (θ). The other fundamental unitary operator is defined by
which shifts the value of angular momentum by one as V e iℓθ = e i(ℓ + 1)θ . These two unitaries constitute a Weyl pair and its commutation relation is given by
We first define an algebra generated by a linear hull of all Weyl pairs:
with
These unitary operators satisfy the following relations,
where I denotes the identity operator on H. Another important property of the Weyl pair for quantum angular momentum system is that they are linearly independent, i.e.,
implies c ℓ (θ j ) = 0 for all ℓ and θ j . In the following, we assume an abstract algebra defined in terms of W (θ, ℓ) and analyze algebraic properties. The Weyl algebra for quantum angular momentum is defined by taking a σ-weak closure of A 0 :
Definition (Angular momentum algebra on H)
Here the closure of an algebra A σw means we have included elements which are not contained in the original algebra A, but the limit under σ-weak topology (also called a physical topology [14] ). With this additional treatment, A becomes a von Neumann algebra where the double commutant theorem holds, i.e., A ′′ := (A ′ ) ′ = A. This subtlety is crucial to utilize many of powerful techniques in von Neumann algebras. To avoid being overloaded with mathematics, this technical point will not be emphasized unless otherwise noted.
An important fact about the Weyl algebra (2.2) is that it coincides with the set of all bounded operators on H, i.e., A = B(H). This is shown simply by noting the commuing operator with all elements of A is only a multiple of the identity operator, that is A ′ = {cI|c ∈ C} holds. Taking commutant of both sides and use A ′′ = A (von Neumann algebra), we get A = B(H).
Qubit subalgebra
We define the following operators [17, 12] :
As noted before, we have a 1 = a + +a − and a 2 = −ia + +ia − . It is then straightforward to verify that a 1 , a 2 , a 3 and I satisfy the same algebraic relation as the qubit algebra (2.1). We define the * -subalgebra on H:
We can easily construct * -homomorphism π : M 2 (C) → A qbit and we can show this mapping is faithful, i.e., ker(π) = {0}, to get the following result.
Lemma 3.1
The subalgebra A qbit * -isomorphic to the qubit algebra M 2 (C), i.e.,
To see the property of the above qubit subalgebra, we observe that the actions of a ± , a 3 on |ℓ ∈ H are
,
Splitting the Hilbert space into a direct sum H = H e ⊕ H o with H e = ℓ∈Z c ℓ |2ℓ | c ℓ ∈ C, ℓ∈Z |c ℓ | 2 < ∞ and similarly for H o , we see that a + (a − ) only acts on H e (H o ) space.
As seen from the expression of a 3 , this unitary operator is not trace-class when expressed in terms CONS on H. This is due to the fact that the sum ℓ∈Z ℓ|a 3 ℓ = ℓ∈Z (−1) ℓ converges to arbitrary numbers depending upon arrangement of terms. One then might conclude that one cannot define a proper trace for these "Pauli spin operators." To resolve this trace problem, it is important to notice that different representations exist for C * -algebra. In particular, the powerful theorem due to Gelfand-Naimark-Segal (GNS) provides an explicit construction of representation for a given reference state. Following the standard GNS construction, see Appendix A, we can show that our qubit subalgebra has a representation which is two-dimension for a given reference state as follows.
We first find an element of H = l 2 (Z), which is an eigenstate of a 3 with the eigenvalue 1:
Requiring the normalization condition, we get
where ℓ∈Z |c ℓ | 2 = 1. Let us consider a state ω ψ on A qbit , i.e., a positive and linear function ω ψ : A qbit → C:
for a ∈ A qbit . Here, the right hand side is the inner product defined on H, that is, Eq. (8). The kernel of this functional is easily found as
We denote an equivalent class of a by this kernel as
Thus, the Hilbert space associated with the GNS construction with respect to the reference state ω ψ ,
is a (quotient) subalgebra of A qbit and is two-dimensional complex Hilbert space with respect to the inner product:
It is straightforward to see that the orthonormal basis for H ψ is
so that e i , e j ψ = δ ij holds. The action of a ∈ A qbit is determined by π ψ (a i ) (i = 1, 2, 3) as
It is clear from the above expression that the GNS construction of a cyclic representation for A qbit coincides with the standard one given in (5).
A trace for C * -algebra A is a linear functional satisfying certain axioms. Let A + := {a ∈ A | a ≥ 0} be a subalgebra consisting of positive elements and R + be a set of non-negative real numbers. A trace is a linear functional τ : A + → R + such that the following axioms hold:
for any c j ∈ R + and any a j ∈ A + . It is clear that this definition can be extended from A + to the whole algebra A. If we define a trace for A qbit by
for all a ∈ A qbit , it follows that this is a well-defined trace satisfying the above requirement. From the definition we can also write it as
where |ψ ⊥ = ℓ c ℓ |2ℓ − 1 is normalized orthogonal state of |ψ . In the above definition, the trace depends the reference state and the subscript ψ is indicated. Using this formula, we see that
We remark that the above construction works well for other elements of H. For example, stating with any normalized state |ψ = ℓ c ℓ |ℓ ∈ H with ℓ |c ℓ | 2 = 1, one can construct two-dimensional representation which is unitary equivalent to the above representation. Other possibility is to start with more general state on H, i.e., ρ = ℓ,ℓ ′ c ℓℓ ′ |ℓ ℓ ′ | with c ℓℓ ′ ∈ C satisfying the conditions, ρ ≥ 0 and ℓℓ c ℓ = 1, and define a linear functional:
This construction also works for every state. We note that the notation of pure states for qubit subalgebra is solely defined from the properties of the linear functional ω.
It is well-known that a state ω is pure if and only if a cyclic representation π ω is irreducible. Other equivalent conditions are also known in literature [14, 15, 16] . For the algebra under consideration, a mixed state on the original Hilbert space H can be a pure state for qubit subalgebra. This relative notion of purity for quantum states are discussed before in literature [10, 18] . Lastly, from physical point of view, the reference state associated with the GNS construction is nothing but an initialization of quantum states in experimental setups. One then builds up any desirable quantum states by applying unitary operations to it. A trace defined in Eq. (27) links from mathematical formula (algebra) to observable quantities, such as expectation values, probabilities, and so on. This link between algebraic description and experimental implementation shall be discussed in Sec. 5.
Commutant and tensor product
Commutant of qubit subalgebra
The commutant of A qbit is found by solving the linear equations for the coefficients c j,ℓ ∈ C;
for i = 1, 2, 3 or equivalently commutativity with a ± and a 3 . From commutation relation with a ± , we observe that different values of ℓ do not affect each other and it is sufficient to analyze the commutation relations for a fixed value of ℓ, i.e., a i , j:finite c j W (θ j , ℓ) = 0 for i = 1, 2, 3. From the commutativity with a 3 , we see that the only possible values for ℓ are even numbers, and j:finite c j W (θ j , 2ℓ) commutes with a 3 . Observe that linear combinations j:finite c j W (θ j , 2ℓ) with the same value of ℓ can be expressed as ( j:finite c j W (θ j , 0))V 2ℓ and that the operators
We first analyze special solution to the commutant problem. Consider an operator R = j=1,2 c j (θ j )U (θ j ) with c j (θ j ) being 2π periodic functions. In order for R to commute with a ± , we can show that two angles need to satisfy the relations θ 1 = θ 2 +π. Furthermore, the ratio of two coefficients are fixed as
With more analysis we see that the operator R(θ 1 ) can be set as a unitary operator and it forms a unitary group about a parameter θ 1 . For notational convenience, we define a unitary operator by
It is concluded that U 1 (θ) forms a one-parameter unitary group. Define the shift unitary operator
it is shown that two unitaries satisfy the same Weyl commutation relation (11) as
It is natural to define the algebra generated by these two unitary operators as
We now show that A qbit and A 1 can generate the original Weyl algebra. Proof: Since A qbit ∨ A 1 = A qbit ∪ A 1 σw , it is enough to show that two unitaries U (θ) and V can be generated by A qbit and A 1 . Straightforward calculations yield
Since A 0 is generated by the Weyl pair {U (θ), V }, the relation A 0 ⊂ A qbit ∪ A 1 holds. Converse inclusion A 0 ⊃ A qbit ∪ A 1 holds from the fact that both A qbit and A 1 are subalgebra of A. Taking closure of A 0 = A qbit ∪ A 1 proves this lemma.
Combing the above results, we have the following lemma:
qbit is generated by two unitary operators U 1 (θ) and 
Conversely, we express
We note this L 1 can be expressed using the floor function as L 1 = ⌊L/2⌋. This expression agrees with our previous result which was obtained based on physical intuition [12] . We however observe that this "angular momentum" operator L 1 needs to be carefully defined as being unbounded operator and it is only defined within a subset of the Hilbert space H.
Tensor product structure
In this section, we shall establish our main result. We first show that the qubit subalgebra A qbit is a factor and we then construct * -isomorphism from A qbit ⊗ A ′ qbit to A to conclude a tensor product structure A ∼ = A qbit ⊗ A ′ qbit . Lemma 4.5 (Factor) A qbit is a factor, i.e., the center is a multiple of the identity ⇔ Z(A qbit ) := A qbit ∩ A ′ qbit = {cI|c ∈ C}. Proof: Consider an element a ∈ A qbit ⊂ Z(A qbit ), which is expanded as a = c 0 I + j=1,2,3 c j a j . Since this also belongs to A ′ qbit , c 1 = c 2 = 0 must hold. To show c 3 = 0 is equivalent to show a 3 = W (π, 0) cannot be expanded as a linear span of U 1 (θ). Suppose if this happens, i.e., W (π, 0) = j c j U 1 (θ j ), then the right hand side commutes with a 1,2 since U 1 (θ) ∈ A 
We are ready to show the main result: 
Since A qbit and A ′ qbit commute, the image of A qbit⊗ A ′ qbit by π is the smallest algebra containing both subalgebras. From corollary 4.3, we have
that is, this mapping is surjective. To show it is also injective, we note that U (θ) and V can be represented by A qbit and A ′ qbit uniquely as Eq. (37). Thus, π(a) = π(b) implies a = b for ∀a, b ∈ A, and π is one-to-one. Therefore, the bilinear mapping is shown to be * -isomorphic, and this proves the proposition.
The following corollary holds immediately by combining lemma 4.4 and the above proposition 4.6. This proves the second result of our paper; an iterative construction of arbitrary number of qubit subalgebras. 
By repeating the same procedure we obtain
Experimental implementation
One way to realize angular momentum algebra is to use the orbital angular momentum (OAM) of single photons. There are good review articles on OAM, see Refs. [19, 20, 21] and references therein. In this section, we shall use standard symbols and conventions in physics, such as † denotes a conjugate operator and |ψ 1 , ψ 2 = |ψ 1 |ψ 2 = |ψ 1 ⊗|ψ 2 for a tensor product. A logical qubit constructed by our qubit subalgebra is called an OAM qubit for simplicity in this section.
Basic optical components
The available apparatus to manipulate OAM are listed as follows. i) Standard linear optical tools: A beam splitter (BS) splits the OAM into two path with a given transmission coefficient. A mirror flips the sign of OAM, i.e., |ℓ → | − ℓ . A phase shifter (PS) introduces a phase in OAM. Other components are a polarizing beam splitter (PBS), a quarter wave plate (QWP), and a half wave plate (HWP).
ii) Hologram: A hologram can add or subtract OAM by ∆ℓ with a properly designed pattern, that is an ideal hologram is equivalent to the unitary operator:
with q integer. iii) Dove prism: A Dove prism (DP) shifts the conjugate variable of the OAM by a certain angle in addition to the sign change of OAM. In the following we omit the sign change assuming that a mirror will be accompanied with the DP. We denote it by the unitary operator
where α is an angle between the incoming light and the DP axis and thus take values in [0, 2π). DPs can be used to sort the OAM with some modulo by inserting a DP in each arm of the Mach-Zehnder (MZ) interferometer, see Figure 1 (a). This scheme, referred to as a DP sorter, provides us accessibility to the desired OAM qubit subsytem [22, 23] . iv) Q-plate: Lastly, a Q-plate (QP) increases and decreases the OAM depending on the polarization of photon [24, 25] . This is expressed as the unitary operator:
where |R (|L ) is right (left) circularly polarized state. Thus it acts on the composite Hilbert space H ⊗ H pol with H pol = C 2 the polarization degrees of freedom. Importantly, the parameter q (called a charge) can be a half integer such as 1/2 as well as an integer. As is shown later of this section, the QP can convert the polarization qubit to the OAM qubit deterministically.
It is clear that the pair U Hg and U DP form the desired Weyl pair of quantum angular momentum algebra described in Sec. 2. Suitable combinations of two unitaries can realize the qubit subalgebra described in Sec. 3.
State preparation, single qubit gates, and measurements
There are many ways to prepare a desired OAM qubit state. For instance, Ref. [26] describes how to prepare a (infinitely many) superposition of even (odd) OAM states which correspond to the state (18) . Based on the GNS construction, one can then construct any states by applying suitable operators. As we emphasized, the coefficients of created OAM states are irrelevant when the qubit structure is concerned. Other possibility is to create superposition of different OAM states using a non-integer spiral phase plate, where superposition of hundreds of different OAM modes was reported [27] .
To prepare an arbitrary single qubit state, we apply the following universal set of single qubit gates.
i) Phase gate: The single qubit phase gate can be realized by first sorting the OAM into even and odd modes and then shifting the phase of the even mode only. To perform the phase gate operation deterministically, we need to use another DP sortor. Figure 1 (b) shows a possible implementation of the phase gate U (φ) = diag(1, exp(iφ)).
ii) Hadamard gate: The Hadamard gate H requires X, iY , and Z operations in between the beam splitters, which can be implemented by a similar setting as the phase gate. For example, the NOT gate X can be realized in the same setting as the single qubit phase gate with the replacement of PS by holograms (∆ℓ = ±1) inserted in each arm. The schematic experimental setting is shown in Figure 1 (c) .
iii) Measurements: Measurements on the single photon OAM state can be carried out by the DP sorter and similar manners. Ref. [22, 23] reported OAM measurements on a single photon level demonstrating measurement of OAM state modulo four and eight. We note that there are other way to sort and then to measure OAM states with modulo 2 k (k ∈ N) [28] . 
Equivalence to polarization qubit
We briefly show that the OAM qubit is equivalent to other forms of photonic qubits encoded in the polarization of a single photon. Deterministic conversion from/to the dual rail qubit encoded in which path information can be shown similarly. The initial qubit state is encoded in the polarization as |ψ P = c H |H + c V |V where |H and |V are horizontal and vertical polarizations, respectively. The OAM qubit is assumed to be in the eigenstate of a 3 :
where ℓ∈Z |c ℓ | 2 = 1. The following orthogonal state,
is expressed as |0 = a + |1 as discussed before. Deterministic conversion from the polarization qubit to the OAM qubit is realized by using the QP with the charge q = 1/2 as shown in Figure 2 . After passing through the quarter wave plate and the QP, a single photon state is sorted with a polarizing beam splitter depending upon the polarizations. Two arms are combined after the hologram and the half wave plate in each arm and pass through the MZ interferometer with two DPs inserted. The final state is
The inverse process transfers the OAM qubit to the polarization qubit with probability one.
PBS Δl = +1 
Encoding many qubits
It is straightforward to extend the previous discussion on the single qubit to multiple qubits encoded in a single OAM. The basic idea is to employ many MZ interferometers with DPs (the DP sorter) to sort OAM states into ℓ = 0, 1, . . . , 2 n − 1 mod2 n . As an example, let us consider two OAM qubits. Figure 3 (a) describes a sorting of OAM states into four arms depending on the values of angular momentum modulo four. Single qubit gates on each logical qubit can be realized by applying the same method explained above.
A nontrivial two qubit gate, controlled-phase gate, can be implemented by changing a phase of one of the four arms and then combining four arms into one with the aid of DP sorters as shown in Figure 3 (b) . This shows the universality of qubit gates for OAM qubits. Encoding and manipulations of many OAM qubits can be implemented similarly with more DP sorters.
|ψ> |ψ,ψ2>
Ucz|ψ,ψ2> In reality, of course, the issue of scalability needs to be addressed in order to claim for a realization of many qubits. The number of optical components grows quite rapidly as the number of logical qubits increases. The above mentioned two qubit controlled phase gate already demands more than six stable MZ interferometers. In this regard, a number of possible logical qubits is also limited by a size of experimental settings. A few qubits seem to be possible in the current technologies, and further experimental progress is needed to go more than, say, ten qubits.
It is also possible to transfer many qubits encoded in the polarization or the dual rails to a single photon OAM qubits. Similar settings were studied in Ref. [29] to transfer many dual rail qubits into subspaces of a single photon OAM. With the QP, it is possible to transfer many polarization qubits into a single photon OAM qubits as well. In both cases, transferring two optical qubits requires two optical CNOT gates. This is another advantage of OAM qubits: The ability for multiplexing transmission protocols with a single photon.
Extension of the proposed scheme
We briefly discuss possible extensions of our scheme and show outline for the results.
Qudit subalgebra
Quantum system associated with d-dimensional complex Hilbert space is called a qudit, which can be defined as a d × d matrix algebra over the complex numbers M d (C). The same strategy applies to this case and one can construct a subalgebra which is * -isomorphic to d-dimensional matrix algebra. The key idea is to utilize the periodic projectors as follows.
Let us consider a quantum angular momentum algebra generated by the Weyl pair {U (θ), V } and define a set of mutually orthogonal projectors:
Here the index ℓ takes d different values, i.e., ℓ ∈ D = {1, 2, . . . , d}. Importantly, the projectors with different indices are orthogonal to each other and they are added to give the identity,
These projectors correspond to the rank-1 diagonal elements of matrix algebra, which is symbolically represented by |ℓ ℓ| (ℓ ∈ D). This set of orthogonal projectors
j } j∈D can be used to define the desired subalgebra as follows. Define the following operator
and it is not difficult to show that it is identified with the element of the matrix algebra |ℓ ℓ ′ | ∈ M d (C). Thus, Q ℓℓ ′ form a basis for a * -subalgebra, and
constitutes the desired subalgebra which is * -isomorphic to M d (C).
Other infinite dimensional systems
Another extension is to study other infinite dimensional systems. Our preliminary result shows similar argument applies to the system of quantum harmonic oscillator, where a starting Weyl algebra is different from the usual Weyl algebra for CCR. The fundamental operator is defined in terms of annihilation operator a, creation operator a * , and the number operator N = a * a as
where θ ∈ R and z ∈ C. It satisfies
A similar construction can be realized for a qubit subalgebra out of the above algebra generated by W (θ, z). The main difference from the case of quantum angular momentum algebra discussed in detail is that we do not have unitary shift operator for the case of harmonic oscillator. Instead, we deal with an isometric operator which can be defined by the polar decomposition of the annihilation operator a. This additional element complicates the analysis, but the similar calculations hold. The details of harmonic oscillator case will be presented in future publication.
General structure
In this section, we shall discuss the general structure of qubit subalgebra and tensor product between it and its commutant for a given * -algebra.
Suppose a * -algebra A on the Hilbert space H is given, where H is possibly infinite dimensional. We first construct a * -subalgebra A qbit ⊂ A such that i) A qbit contains the identity of A and A qbit is * -isomorphic to the two-dimensional matrix algebra M 2 (C). The latter condition seems to be satisfied if the original Hilbert space is separable and we have a CONS for it. The next step is to show that iii) the subalgebra and its commutant A ′ qbit span the whole algebra A, i.e., A qbit ∨ A ′ qbit = A. As we saw in the proof of lemma 4.5, this condition is equivalent to iv) A qbit is a factor of A, i.e., Z(A qbit ) = A qbit ∩ A ′ qbit = {cI|c ∈ C}. This is true when the original algebra is a von Neumann algebra and the double commutant theorem holds. This additional assumption was used throughout our discussion.
The above conditions i), ii), iii) (or i), ii), iv)) are sufficient to show that there exists a bilinear and faithful * -homomorphism from A qbit ⊗ A ′ qbit to a set of bounded operators on H denoted as B(H) such that the image of A qbit ⊗ A ′ qbit coincides with A. This was proven in proposition 4.6 without relying on the detail structure of the algebra. One can also show that there are various equivalent conditions which purport the tensor product structure between a subalgebra which is * -isomorphic to a matrix algebra and its commutant [30] .
The additional ingredient in our discussion is a simple fact that v) the commutant is * -isomorphic to the original algebra, i.e., A ′ qbit ∼ = A. This is possible only if the Hilbert space is infinite dimensional. We have not found a simple criterion which guarantees this nest structure in terms of a given algebra. This will be analyzed in due course and shall be presented in elsewhere. If all conditions i)-v) are satisfied, then one can show the following simple construction works:
(56)
Summary
We have shown that the Weyl algebra of quantum angular momentum can be decomposed into a tensor product of two algebras A qbit and A ′ qbit . Here A qbit is * -isomorphic to two-dimensional matrix algebra, which we call a qubit algebra, whereas A ′ qbit is a commutant of A qbit . Since the commutant is isomorphic to the original algebra, i.e., A ′ qbit ∼ = A, we can iterate this construction to have arbitrary numbers of qubit subsystems. This paper reveals algebraic properties of these subalgebras and we have justified our previous result which was obtained based on physical intuition. We have also discussed a possible realization of these qubit subalgebras using orbital angular momentum of photons. In the last section, several extensions are outlined and this suggests that the similar constructions work for other algebras as well.
Acknowledgments
The author would like to thank Philippe Raynal, Amir Kalev, and Berge Englert for fruitful collaboration at early stage of this work. He acknowledges Prof. Hiroshi Nagaoka and Prof. Tomohiro Ogawa for helpful discussions on mathematical aspect of the problem.
Appendix. GNS construction
Here we give a short account on the GNS construction of representation for a * -algebra. See Ref. [14, 15, 16] for more details.
For a given * -algebra A and a state ω, that is a linear functional such that hold for any c j ∈ C and any a j , a ∈ A, we define a kernel of the linear functional ω:
An equivalent relation and equivalent class based on the kernel are introduced:
It is straightforward to see that K ω is a linear subspace of A and is also a left ideal of A. The quotient algebra,
is a subalgebra which consists of equivalent classes of the algebra. By completion of the inner product space D ω with respect to the above norm, we construct a Hilbert space:
For a separable * -algebra, the Hilbert space is also separable and we can find a CONS for H ω which is denoted by {[e i ] ω } i . Since the CONS is independent of choice of representatives, we also denote it as {e determine the representation for A. This representation is specified by the doublet (H ω , π ω ) and are called as a GNS representation.
